The correction capability and the convergence speed of the wavefront-sensorless adaptive optics (AO) system are compared based on two different system control algorithms, which both use the information of focal plane. The first algorithm is designed through the linear relationship between the second moment of the aberration gradients and the masked far-field intensity distribution and the second is stochastic parallel gradient descent (SPGD), which is the most commonly used algorithm in wavefront-sensorless AO systems. A wavefront-sensorless AO model is established with a 61-element deformable mirror (DM) and a CCD. Performance of the two control algorithms is investigated and compared through correcting different wavefront aberrations. Results show that the correction ability of AO system based on the proposed control algorithm is obviously better than that of AO system based on SPGD algorithm when the wavefront aberrations increase. The time needed by the proposed control algorithm is much less than that of SPGD when the AO system achieves similar correction results. Additionally, the convergence speed of the proposed control algorithm is independent of the turbulence strength while the number of intensity measurements needed by SPGD increases as the turbulence strength magnifies.
Introduction
Compared with the conventional adaptive optics (AO) system [1] , the complexity of wavefront-sensorless AO system [2] is reduced greatly because of no wavefront sensor in system structure. The most significant potential advantage of this kind of AO system is related to the fact that the farfield intensity distribution can be used as the feedback signal. The wavefront-sensorless AO system can be divided into two categories according to control algorithms, one is model-free AO systems and the other is model-based AO systems. The former directly uses various blind optimization algorithms as the control algorithm of the system, such as the stochastic parallel gradient descent algorithm (SPGD-stochastic parallel gradient descent) [3, 4] , Alopex algorithm [5] , simulated annealing [6] , and genetic algorithm [7] . Model-based wavefront-sensorless AO technology often makes use of some kind of model to design the control algorithm for system, such as modal method [8, 9] , the nonlinear optimization method [10] , or geometric optical principles [11] .
In this paper, we design a control algorithm for the wavefront-sensorless AO system through the linear relationship between the second moment of the aberration gradients and the masked far-field intensity distribution. An AO system model is established with a 61-element deformable mirror (DM) and a CCD. The correction capability and the convergence speed of the AO system are investigated and compared with SPGD control algorithm, which is the most commonly used control algorithm for wavefront-sensorless AO systems and verified to be relatively fast control method [12] . International Journal of Optics to the aberration of the input wavefront. A linear relationship between the second moment of the aberration gradients and the masked far-field intensity distribution can be achieved through a certain mathematical transformation [11] :
where SM is the second moment of the aberration gradients and 0 is a constant, the slope of the trend line, which is determined by the detector radius . MDS is defined as follows:
where ( , ) is the far-field intensity distribution and 1 − 2 / 2 ( = √ 2 + 2 ) is the mask. In practice, the mask could be implemented by the weighting of pixels within the software when the photodetector is replaced by a CCD camera.
In order to find out the control parameters of deformable mirror, orthogonal modes are taken as predetermined bias functions and are added by the DM sequentially with coefficient to the wavefront aberration to be corrected. Then the detector measurements are recorded and the MDS ( = 1, . . . , ) are calculated according to (2) . Control parameters can be estimated by
where
and MDS 0 is the corresponding MDS of the wavefront aberration to be corrected. The matrix is the second moment of the wavefront gradients, which can be calculated by the bias function. The vector is the diagonal vector of matrix . can be calculated according to the following equation, where ( , ) is the predefined bias function:
Control Algorithm Design.
A set of bias functions are defined to represent wavefront aberrations. We use Zernike polynomial as the bias function. The wavefront to be corrected ( , ) can be written as a linear combination of the Zernike polynomial ( , ):
where is the Zernike order number, is the Zernike coefficient of the th-order Zernike mode, and ( , ) is the thorder Zernike mode. The phase compensation ( , ), introduced by DM, can be decomposed into the superposition of the response functions of actuators linearly:
where V is the control signal, ( , ) is the response function of the th actuator, and is the number of DM actuator. Using DM to fit the wavefront aberration described by Zernike polynomials, we can get
where ( , ) is the residual wavefront of the DM fitting. Equation (8) can be changed into the following equation after ( , ) and ( , ) are replaced by (6) and (7), respectively:
Both sides of (9) are multiplied by one influence function ( , ) at the same time and the integral in the aperture is calculated:
Equation (10) can get a matrix equation:
where V is the cross-correlation matrix with size × between the Zernike mode ( , ) and the influence function ( , ), V is the coupling matrix between different influence function ( , ) with size × , is the Zernike coefficient with size , and V is the control voltage vector with size .
V ( , ) and V ( , ) have the following form, respectively:
We can obtain the minimum variance solution of (10):
Equation (13) provides a minimum variance solution to the control voltage vector V.
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The control algorithm is divided into two parts: the preprocessing step and the iteration step. The detailed descriptions are as follows.
Preprocessing Step
(1) Calculate the second moment of the wavefront gradients , the diagonal vector , and its inverse matrix −1 according to the predefined bias function ( , ) by (5). (2) Measure the influence functions ( , ) of the DM and compute the cross-correlation matrix V , the coupling matrix V , and its inverse
V according to (12) .
Notably, the vector and the matrices ,
V , and V in the preprocessing step can be obtained in advance and these matrixes have nothing to do with the wavefront to be corrected. The above data can be regarded as known after DM and the bias functions are determined and are imported directly during correcting the wavefront aberrations.
Iterative
Step of the wavefront to be corrected ( ) according to (3) . The voltage vector is applied to the actuators of DM through the high voltage amplifier. (7) Regard the residual wavefront as the wavefront to be corrected ( ); repeat (2)- (7) in the iterative step until the algorithm satisfies the termination conditions in advance, such as a certain number of iterations.
The flow chart of the control algorithm is shown in Figure 1 , where an inner cycle of control algorithm is considered as one algorithm iteration and we make use of the number of iterations as the end condition of algorithm.
Simulation Platform of WavefrontSensorless AO System
As shown in Figure 2 , the wavefront-sensorless AO system consists of a 61-element DM, an imaging lens, a CCD, and
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Design the mask; set the outer loop P, the counter p = 1; set the inner loop N, the counter i = 1
Measure and calculate MDS 0 Calculate * i according to (13) and apply * i to deformable mirror the control algorithm. The wavefront to be corrected is reflected to the imaging lens and the imaging lens focuses it into the CCD. The intensity is detected by CCD and provided to the control algorithm. The control algorithm generates a correction voltage vector. The voltage vector is applied to the actuators of 61-element deformable mirror. On the basis of real measurements, we know that the response function of 61-element deformable mirror actuators is Gaussian distribution approximately [13] . Figure 3 gives the location distribution of 61-element DM actuators. The layout of all actuators is triangular.
The method proposed by Roddier, which makes use of a Zernike expansion of randomly weighted Karhunen-Loeve functions, is used to simulate atmospherically distorted wavefronts [14] . Considering that the low-order aberrations (tilts, defocus, astigmatism, etc.) have the most significant impact on image quality, we use the first 104 Zernike polynomials. The phase screens do not include the tip/tilt aberrations because the tip/tilt aberrations are usually controlled by another control loop and are considered as being removed completely in our simulation. Atmospheric turbulence strength for a receiver system with aperture size can be characterized by the ratio / 0 , where 0 is the turbulence coherence length. Phase screens of different atmospheric turbulence strength can be obtained through changing 0 in the simulation program.
Results and Analysis
To investigate the convergence speed and the correction capability of the wavefront-sensorless AO system with a 61-element deformable mirror based on the proposed control algorithm, we perform the adaptation process over random phase screens under five different turbulence strengths. The five different turbulence strengths are corresponding to / 0 = 5, 10, 15, 20, and 25, respectively. The averaged evolution curves over 500 frames per turbulence strength and the standard deviation evolution curves of the metric are the recorded simulation results. MR (mean radius) of the far-field intensity distribution and SR (Strehl ratio) are used to measure the correction capability of the AO system, respectively. The calculation formula of MR is as follows:
is the centroid of far-field intensity distribution. The smaller the MR value, the more focused the far-field energy and the smaller wavefront aberration. MR can be easily measured either by a single photodetector with a special mask attached to it or by postprocessing a matrix detector output in the actual system. This measure appears to be the most attractive one as it gives straightforward mathematical meaning to the idea of energy spread. The Strehl ratio (SR) is defined as
where [⋅] is an operation, which calculates the peak intensity.
0 ( , ) is the intensity distribution of ideal plane wavefront.
Adaptive Process of the Wavefront-Sensorless AO System.
The number of inner cycles (iterative steps (3) and (4)) of control algorithm is 102 times because the wavefront aberration is composed of the first 104 Zernike polynomials (excluding tip and tilt) in this paper and an inner cycle of control algorithm is considered as one algorithm iteration. Figures 4(a) and 4(c) show the adaptive process of MR and SR by the control algorithm. Standard deviation (SD) curves of MR over 500 different phase realizations are presented in Figure 4 (b). The SD is calculated as follows:
From Figures 4(a) and 4(c), we can conclude that averaged curves of different metrics have converged after completing iterations and one iteration can make the AO system converge approximately. The values of SD of MR are very small after the system converges in Figure 4 (b). This shows that the discrete level of MR from the averaged value is very tiny and the control algorithm has strong adaptability to 500 different phase screens.
To compare the correction capability and the convergence speed of AO system, the adaptive process of MR and SR by SPGD algorithm is given in Figure 5 . Figure 5 shows that the AO system converges completely after about 1000 iterations under different turbulence strength. 
Correction Capability Analysis of the Wavefront-Sensorless
AO System. For investigating the correction capability of the wavefront-sensorless AO system based on the proposed control algorithm, we also calculate the averaged MR of the initial far-field intensity distribution and the averaged ideal correction ability of the 61-element deformable mirror over 500 different phase screens. The ideal correction ability can be obtained by the minimum variance solution (4). The corresponding data are given in Figure 6 .
The AO system based on two kinds of algorithms has strong correction ability on wavefront aberrations under different turbulence from Figure 6(a) , in which MR values are very close to ideal correction of deformable mirror offered by the minimum variance solution. But it can be seen clearly from Figure 6 (b) that the correction ability AO system based on SPGD algorithm is worse than that of AO system based on the proposed control algorithm when / 0 is greater than 15.
Convergence Speed Analysis of the Wavefront-Sensorless
AO System. The convergence speed is an important criterion on which the control algorithm can be applied to realtime adaptive optics system. We use the number of intensity measurements to estimate the averaged convergence speed of wavefront-sensorless AO system based on two kinds of control algorithms. The number of intensity measurements can be analyzed from the control algorithm process. The total number of intensity measurements is computed through the times of inner cycle multiplied by that of the outer cycle for the wavefront-sensorless AO system based on the proposed algorithm. The number of measurements of AO system based on SPGD algorithm can be obtained through the times of algorithm iteration multiplied by two because two intensity measurements are needed by one algorithm iteration at least.
From Figure 4 (a), we can see that the wavefront-sensorless AO system based on the proposed algorithm only needs one iteration for algorithm converging, which means the system needs +1 photodetector measurements when -order aberrations are corrected. The system needs 103 intensity measurements in this paper because the wavefront aberration is composed of the first 104 Zernike polynomials (excluding tip and tilt). Figure 4 (a) also shows that the number of intensity measurements does not increase as the turbulence strength magnifies.
We can get the times of iteration needed by the wavefrontsensorless AO system based on SPGD from Figure 5 when MR decreases to the value where the proposed method arrives after one iteration and further achieve the number of intensity measurements through multiplying the times of iteration by two. Those data are given in Table 1 , where the sign ">" indicates that the value of MR has not been reached at 12.5 and International Journal of Optics 7 15.2 on / 0 = 20, and 25, respectively, after the AO system completes 1500 iterations. From data in Table 1 , we can see that the number of intensity measurements needed by AO system based on SPGD is about 8 times, 9 times, and 14 times that of the wavefront-sensorless AO system based on the proposed algorithm when / 0 is 5, 10, and 15, respectively. More intensity measurements are needed by SPGD when / 0 is 20 and 25. In other words, the time needed by the wavefrontsensorless AO system based on SPGD is far more than that of the wavefront-sensorless AO system based on the proposed algorithm when the AO system achieves similar correction results. Additionally, the number of intensity measurements needed by SPGD-based AO system increases as the turbulence strength magnifies from the data in Table 1 .
Conclusions
The centroid of the far-field intensity distribution in geometric optics is related to the aberration of the input wavefront. A linear relationship between the second moment of the aberration gradients and the masked far-field intensity distribution can be achieved through certain mathematical transformations. A closed-loop control algorithm is designed by using the linear relationship. An adaptive optics (AO) system simulation platform is established with a 61-element deformable mirror and a CCD. The convergence speed and the correction capability are investigated and compared with stochastic parallel gradient descent (SPGD) control algorithm, the most commonly used control algorithm for wavefront-sensorless adaptive optics systems through correcting wavefront aberrations under different turbulence strength.
Research results show that the control algorithm proposed has strong adaptability to different phase screens. The AO system based on two kinds of algorithms has strong correction ability on wavefront aberrations under different turbulence when the turbulence strength is relatively small. However, the correction ability of AO system based on SPGD algorithm is obviously worse than that of AO system based on the proposed control algorithm when the wavefront aberrations increase. The AO system based on the proposed control algorithm only requires + 1 measurements of the far-field spot when orders aberrations are corrected. The time needed by SPGD-based AO system is far more than that of the wavefront-sensorless AO system based on the proposed control algorithm when the AO system achieves similar correction results. Additionally, the convergence speed of the wavefront-sensorless AO system based on the proposed control algorithm is independent of the turbulence strength while the number of intensity measurements needed by SPGD-based AO system increases as the turbulence strength magnifies. Therefore, the control algorithm provided in the paper can greatly improve the convergence speed of the wavefront-sensorless AO systems, which provides the theoretical basis for applications of adaptive optics technology in real-time wavefront correction system.
